By high temperature series expansion, exact diagonalisation and temperature density-matrix renormalisation the magnetic susceptibility χ(T ) and the specific heat C(T ) of dimerised and frustrated S = 1/2 chains are computed. All three methods yield reliable results, in particular for not too small temperatures or not too small gaps. The series expansion results are provided in the form of polynomials allowing very fast and convenient fits in data analysis using algebraic programmes. We discuss the difficulty to extract more than two coupling constants from the temperature dependence of χ(T ). 
I. INTRODUCTION
Quantum spin systems are amongst the most interesting and challenging problems of many-body theory in solid state physics. Due to their intrinsic many-body quantum character it is not possible to compute even simple quantities like magnetic susceptibilities or specific heats in a straightforward fashion. But there are by now a number of powerful approaches like exact diagonalisaton, quantum Monte Carlo, temperature densitymatrix renormalisation or high temperature series expansion which yield the desired quantities.
The first aim of our present paper is to provide high temperature series data which in combination with some T = 0 information can serve as an input for quick data analysis. High order series expansions constitute an efficient, frequently used technique [1] . Exact diagonalisation and temperature density-matrix renormalisation will serve as benchmarks to assess the reliability of the method proposed. Similar analyses are carried out in Refs. 2, 3 for unfrustrated dimerised spin chains and ordinary spin ladders.
The second aim of our work is to demonstrate that it is essentially impossible to deduce from one quantity like the magnetic susceptibility χ(T ) at not too small temperatures alone more than two of the three magnetic couplings of dimerised and frustrated spin chains. This † Electronic address: ab@thp.uni-koeln.de ‡ Electronic address: ul@thp.uni-koeln.de § Electronic address: gu@thp.uni-koeln.de; URL: http://www. thp.uni-koeln.de/~gu should caution anybody who is analysing such data in great detail. To illustrate the type of problem one can run in we refer the reader to the analysis of (VO) 2 P 2 O 7 which was analysed in the very beginning as dimerised chain [4] . Then it was thought to be a two-leg spin-ladder with J || ≈ J ⊥ [5] . But lately unambiguous evidence from inelastic neutron scattering was found [6] that it is a set of weakly coupled dimerised chains [7, 8] . The magnetic susceptibility χ(T ) is compatible with both scenarios [9] .
In this article we focus on gapped one-dimensional spin systems. These form a rather large class comprising dimerised spin chains, strongly frustrated spin chains but also spin ladders, cf. Fig. 1 . A representative for a moderately dimerised spin chain is (VO) 2 P 2 O 7 [6, 7, 8] ; a strongly dimerised spin chain realised in Cu 2 (1,4-C 5 H 12 N 2 ) 2 Cl 4 [10, 11, 12, 13] ; an example for a significantly frustrated spin chain is the spin-Peierls substance CuGeO 3 (see e.g. Ref. 14 and the discussion therein) which is undimerised in its high temperature phase (T > T C ≈ 14K) but weakly dimerised in its low temperature phase. An important spin ladder compound is SrCu 2 O 3 [15] .
All these substances are interesting because they constitute disordered antiferromagnets with low coordination number. This means that their ground state is not given by a Néel-type state (i.e. with finite sublattice magnetisation) but by a Resonating-Valence Bond (RVB) state made of superposed singlet-product states [16] . If the systems are indeed gapped the average range of the singlet pairs present in the ground state is finite. In other words, the correlation length is finite. Generally, an RVB state is favoured over a Néel state by low coordination numbers, by low values of the spin and by frustration (which simply weakens the classical ordered Néel-state).
If it is possible to dope the insulating magnetic systems unusual electronic properties emerge due to the strong interplay between charge and spin degrees of free-dom. Some spin ladders like Sr 0.4 Ca 13.6 Cu 24 O 41.84 become even superconducting under pressure [17] . Of course, the appearance of a true phase transition at finite temperatures requires a higher dimensionality than one [18, 19, 20] . But the driving mechanisms can be present already in the low-dimensional systems. So, a deeper understanding of unusual electronic behaviour in doped antiferromagnets requires a thorough understanding of the magnetic subsystem. It is in this context that we perform the present investigation which is designed to determine the relevant magnetic couplings easily and reliably.
Starting point of our theoretical study is the Hamilton
with dimerised nearest and and uniform next-nearest neighbour interaction. The dimerisation is parameterised by δ. The ratio of nearest and next-nearest neighbor interaction is given by α. The dimerisation can arise from chemically different bonds as is the case in (VO) 2 P 2 O 7 . Alternatively, it may be induced by a static lattice distortion via spin-phonon coupling as in CuGeO 3 . The Hamiltionian can also be viewed as a spin ladder with an extra diagonal coupling (1 − δ)J (see Fig. 1 ). In the limit δ = 1 it is equivalent to a regular ladder model. In the limit δ = 1, α = 0 a system of isolated dimers is obtained. The ground state properties of the model (1) are investigated recently in numerous papers, see e.g. [21, 22, 23, 24, 25, 26, 27, 28] .
In the next section II we discuss briefly aspects of the methods we employ. The subsequent section III is devoted to the results for the magnetic susceptibility χ(T ). In particular, we will discuss to which extent several couplings can be deduced reliably from χ(T ) data alone. Section IV contains the results for the specific heat. We discuss how much can be learnt from C(T ) data. The Summary V concludes this article.
II. METHODS
The present work is concerned with the finite temperature properties of the magnetic susceptibility χ(T ) and the magnetic specific heat C(T ). The analytic method we use is high temperature series expansion (HTSE). Its results are obtained as polynomials in the coupling parameters with fractions of integers as coefficients so that no accuracy is lost. Details of the calculation are found in Ref. 29 . Furthermore, the data is provided in electronic form so that they can be put to use quickly. In order to maximise the range of applicability some extrapolation schemes are necessary which are described below in detail.
In addition, we use numerical methods to cross-check the validity of the analytic results and to supplement them where necessary. A statistical method is quantum Monte Carlo (QMC) [30] . In its present form, however, it suffers from the sign problem for frustrated systems so that we use it only in the unfrustrated cases. Mostly we employ the method of exact diagonalisation (ED) for smaller finite clusters [31, 32] . It is based on the determination of all eigen-values so that the partition sum can be computed directly. Thereby any thermodynamic quantity is accessible. For not too low temperatures the results describe reliably the thermodynamic limit. The third technique that we use is temperature densitymatrix renormalisation (T-DMRG) [3, 33] . By this numerical method very low temperatures can be reached reliably.
We deal with the static magnetic susceptibility
and the specific heat
In the Appendices the series coefficients are given. For the dimerised and frustrated chain the coefficients for both quantities χ(T ) and C(T ) are provided up to order 10 in the inverse temperature β. For the unfrustrated dimerised chain they are given up to order 18. The bare truncated series, however, are not sufficient to describe the quantities under study at low values of T . To enhance the region of validity of the high temperature series expansion Dlog-Padé representations [34] are used. We show in the following that the complete susceptibility of gapped spin chains can be obtained if some low temperature information is incorporated in a simple way. This is explained subsequently in detail. A Dlog-Padé approximant of the expansion of the magnetic susceptibility χ(β) is given by
where
is the rational Dlog-Padé approximant with a polynomial of degree k in the numerator and a polyno-mial of degree l in the denominator of
Possible orders [k, l] of P k l (β) have to fulfill k + l = n − 1 where n is the order of the truncated series available. This can be seen by comparing the number of series coefficients obtained and the number of independent (one less than the total number) coefficients in the two polynomials of P k l (β). Due to the derivative on the right side of (5) one coefficient of the series expansion is lost.
Additionally, we incorporate T = 0 information to supplement the high temperature expansion. In the case of ungapped spin chains [29] we used knowledge of the full dispersion for this purpose. Though successful this approach is cumbersome in general. Therefore, we now simplify the procedure to incorporate T = 0 information considerably. It is described for the case of gapped spin chains.
At zero temperature the susceptibility of a gapped system vanishes and at finite but small temperature the deviation is exponentially small due to the spin gap ∆
Furthermore, the leading power in T can be determined on the basis of the dimensionality of the problem and of the behaviour of the dispersion close to its minima. For one-dimensional systems with quadratic minima , which is generic for gapped systems, one obtains [35] 
This equation provides information for two additional coefficients of the Dlog-Padé approximant. Let us extend the series expansion of χ by two terms
yielding χ e . Then the degree of the approximant P k l (β) can be incremented by two fulfilling k + l = n + 1. The two additional conditions deriving from (7) follow from
in the limit β → ∞. This condition requires that P k l (β) is finite for β → ∞ imposing the severe constraint l = k on the possible degrees of the Dlog-Padé approximant. To circumvent this constraint we substitute
thereby mapping the complete β-interval [0, ∞] to the uinterval [0, 1]. This mapping is justified by the continuity of P k l (β) in the limit β → ∞. The asymptotic behaviour (8) transforms under the mapping (9) to
where we use P k l now for the rational function in u. We will henceforth consider only approximants in u so that no confusion should arise.
The Dlog-Padé approximant P k l (u) is chosen such that it approximates ∂ u 4T χ e /4T χ e where β is expressed according to (9) as function of u. In this way, reliable interpolations between the low temperature behaviour and the high temperature series expansion can be obtained for arbitrary orders k and l complying with k + l = n + 1.
To assess the range of validity of the Dlog-Padé approximant various orders of P k l are investigated. Examination of the positions β i of the poles of P k l and especially of the largest modulus of them leads to a reliable estimate of the radius of convergence β r of the series in β (Cauchy's theorem). We find roughly β r ≈ 2/J as for the ungapped spin chains [29] . This means that the truncated series will always diverge around T ≈ 0.5J even for arbitrary high order in β. Thus the polynomial representation is not sufficient to describe the maximum of χ(T ) quantitatively.
III. MAGNETIC SUSCEPTIBILITY χ(T )
A Applicability of the High Temperature Series Expansion
In Fig. 2 various representations of the susceptibility are shown and compared. For fixed order l of P k l the Dlog-Padé representation of χ moves for l = 2 upwards, for l = 4 downwards and for l = 5 in both directions (for l = 3 no evaluation is possible due to defective approximants in all orders). All representations converge for increasing order. The [5, 4] and [4, 5] Figure 3 : Susceptibility of the dimerised chain for various values of δ. The Dlog-Padé approximants are of order [15, 4] substantially differing results. In order to present our results in a systematic and unbiased way we choose the P m 4
representation for all curves shown below (if not denoted otherwise). Deduced from Fig. 2 we expect quantitatively reliable results down to T /J ≈ 0.25 for the dimerised, frustrated chain. This conclusion is based on considering the highest orders and on looking for the range of T /J where they are consistent.
In the purely dimerised case, see Fig. 3 , almost the whole temperature regime is excellently described. This is due to the high orders reached (O(β 18 )). In Fig. 3 , the HTSE results are depicted in comparison to results from numerical methods (ED, QMC) and the exact result of the uniform chain [36] . In particular, the agreement between the HTSE result and the exact one for the uniform chain is impressive. We think that this is the optimum which can be obtained by high temperature expansion since it is certainly not possible to assess the logarithmic low temperature corrections coming from the high temperature end. Technically, we used for the uniform chain instead of (10) the obvious relations
The second relation (11b) reflects the fact that χ(0) is finite.
In Fig. 4 the [7, 4] HTSE representation chosen is compared to exact diagonalisation and temperature densitymatrix renormalisation data [33] . The results are in very good accordance with each other. Only in the regime T /J < 0.2 there is a slight difference between the HTSE representation and the numerical results.
In susceptibility depends upon the parameters under study. For fixed next-nearest neighbour interaction α the position of the maximum moves to higher values of T /J for increasing δ while the maximum value decreases. These effects are induced by the increasing gap. Fixing δ, the position of the maximum moves to the left for increasing α. This can be understood from the reduction of the dispersion on increasing frustration. The mobility of the excitations is more and more restricted [22, 23, 28] . The maximum value of χ(T ) remains almost constant. This can be seen as the result of an compensation of two contrary effects. On the one hand, the susceptibility would rise due to the shift of the maximum position to lower temperatures where the global 1/T factor (cf. (2)) enhances its value. But on the other hand, the frustration provides an additional antiferromagnetic coupling in the system which works against an alignment of the spins. For instance, the antiferromagnetic next-nearest neighbour coupling induces a strong repulsion between aligned adjacent triplets on the dimers [22, 23, 28] .
B Information Content of χ(T )
In this section we address the question to which extent the parameters of the model Eq. 1 can be extracted from measurements of the susceptibility. In other words, we adopt the experimentalist's point of view who wants to determine the coupling parameters from experimental data. Obviously, the main feature in the susceptibility curve is the maximum. So it is natural to use in the first place the maximum value χ max and its position T = T max . We consider the product χ max T max since it is experimentally easily accessible and does not depend on the exchange coupling J. Representation by the [7, 4] approximant except for the solid line in the uppermost panel where the [7, 4] approximant is defective and the [8, 3] approximant is used.
The data shown in Fig. 6 are obtained by exact diagonalisation of the full Hamitonian of a 16 site system. For α < 0.75 the data are exact to many digits for a system of this size. For α > 0.75 and δ = 0 finite-size effects of several percent occur.
Note that for δ = 0 the quantity χ max T max reaches its minimum at α ≈ 0.5 and then starts to increase again. This is due to the fact, that on growing α the system approaches two independent chains of half the size of the original chain with α = 0. Fig. 6 can be used easily: given the experimental input for χ max T max one can read off the value for δ for a chosen α.
To complete the analysis we plot in Fig. 7 the variable J/T max as a function of δ for various values of α. So, once the value of δ (for given α) is determined from Fig. 6 , Fig. 7 helps to determine the exchange coupling J by reading off J/T max and multiplying by T max .
We want to point out here that it is almost impossible to determine the values of J, α and δ from the temperature dependence of the susceptibility alone (cf. also 37). This phenomenon is well known from the investigations of (VO) 2 P 2 O 7 . In the case of this substance the susceptibility of the isotropic ladder i.e. a ladder with J || = J ⊥ and the susceptibility of a dimerised spin chain with δ = 0.2 fit both the experimental data equally well. For illustration the possible results for (VO) 2 P 2 O 7 , where χ max = 2.07 10 −3 emu/mol V and T max = 74K correspond to the horizontal dashed line at 0.15 emu K/mol V in Fig. 6 . The difficulty to distinguish different sets of (J, δ, α) yielding the same value of χ max T max is visualised strikingly in Fig. 8 . The re-scaled susceptibilities belonging to various values of χ max T max are depicted. In the temperature region around the maxima and for larger temperatures the differences within each set are minute. Thereby we conclude that it is impossible to determine all three coupling parameters from χ(T ) at moderate and at large values of temperature alone. In Fig. 9 the values of α and δ are shown which belong to the various sets displayed in Fig. 8 .
Next we use the high temperature expansion results (see Appendix A2) to understand such a scaling behaviour in the lowest orders of β. It is obvious that the zeroth order 4T χ ≈ 1 does not allow the determination of any parameters. The first order of the susceptibility of a model with given frustration α and exchange coupling J is identical to the first order of another model with frustration α 1 and coupling J 1 if
holds. In other words, if one had only first order results for the susceptibility it would be impossible to determine J and α independently. The second order of the HTSE depends on δ. But again one can choose a particular value δ 1 such that the sets (J, α, δ) and (J 1 , α 1 , δ 1 ) lead to identical zeroth, first and second order terms in β. This choice is
If the susceptibility is determined mainly by the first three orders the relations (12, 13) provide the recipe to re-scale the susceptibility such that different parameter sets yield similar temperature dependences. Indeed, if one focuses on the high temperature range this is true. The precise position and value of the maxima, however, cannot be deduced from the first three orders alone. This implies that Eq. 13 provides only rough estimates for the curves displayed in Fig. 9 .
To be cautious, we like to stress that we are not claiming that it is impossible to determine all three coupling J, α, δ if sufficient low temperature data is available to obtain the value of the gap. The gap ∆ depends in a different way on the couplings than χ(T ) does [28] . Very often, however, the dependence at low values of the temperature is either not accessible or it no longer corresponds to a pure 1D system. In particular, interchain couplings J ⊥ lead to significantly altered gaps (for examples see Refs. 14, 38) although the behaviour at higher temperatures T > J ⊥ is still well described by a 1D model.
IV. SPECIFIC HEAT C(T )
It is a straightforward idea to extract further information about the magnetic properties of certain materials by considering also the specific heat C. Only in very rare cases, however, the magnetic part of C can be extracted in a reliable way from the measured data because the phononic contributions dominate C whenever the energy scale of the lattice vibrations is of the order of the magnetic coupling J.
At low temperatures where the phononic contributions vanish following the usual T 3 law a reliable extraction of C is possible. For high temperatures such a procedure will fail in general as can be seen, for instance, in a simple model of Einstein (dispersionless) phonons coupled to Heisenberg chains [39] . So the full temperature dependence of the magnetic part of C can be measured only Fig. 9 (g-factor set to 2).
in substances with a small exchange coupling J as it occurs, for instance, in organic magnetic materials, see e.g. Ref. 40 . Furthermore, it is in order to mention that there are indirect techniques to obtain the magnetic part of C(T ) where the energy fluctuations are linked to dissipation. The latter is measured by the intensity of elastic scattering in spectroscopic investigations, see e.g. [41, 42] . The indirect approaches, however, may provide information on T max of C(T ) but not on C max itself since overall factors are not known. (In this section T max refers always to C(T ). The position of the maximum of χ(T ) is denoted T In the Appendices A and B the coefficients for the specific heat are provided. In order to compute C(T ) additional information on the low temperature behaviour is included as was done for χ(T ). At zero temperature the magnetic specific heat of a gapped system vanishes and at finite but small temperatures the deviation is exponentially small. For one-dimensional systems one has [35] 
This asymptotic behaviour leads to a Dlog-Padé representation of C equivalent to the one of the susceptibility (see Eqs. 4 to 10). The function approximated by P
where the additional factor ensures that the argument of the logarithm tends to unity for β → 0. As for the susceptibility two additional terms are taken into account which are determined such that the correct asymptotics in u = β/(1 + β) is guaranteed [5, 4] for the frustrated and dimerised chains and [13, 4] for the chains without frustration.
In Fig. 10 the specific heat for various sets of parameters α and δ is compared to numerical ED and T-DMRG results. For large enough dimerisation δ, the ED and HTSE results agrees perfectly. For δ = 0.1 and α = 0.24 the HTSE describes the position of the maximum of the specific heat very well, but the absolute value deviates slightly from the ED and the T-DMRG results. This problem arises since the maximum in the specific heat occurs at fairly low values of T /J ≈ 0.3. In the purely dimerised case where we have reached 18
th order in β, the HTSE describes the maximum perfectly. Only in the regime T /J < 0.25 there is a slight difference to the ED and to the T-DMRG results. The same is true for the uniform chain (see inset of Fig. 10 ) where some deviations from the exact solution occur well below T max . We attribute these deviations below the maximum position T max to logarithmic corrections which cannot be assessed by the high temperature series expansion. Fig. 9 belonging to χ max T χ max = 0.15 emu K/mol. Therefore, the temperature dependence is given in units of the maximum temperature T χ max of the susceptibility. Clearly, the curves differ from each other. Hence the knowledge of C(T ), in addition to the knowledge of χ(T ), renders a complete determination of all three couplings possible. This is our main point in the present section. In other words, the knowledge of χ(T ) allows to fix δ and J for given α. But α cannot be determined easily since there are sets of parameters leading to very similar χ(T ) curves, see Fig. 8 . The corresponding C(T ) curves, however, differ significantly as illustrated in Fig. 11 and thus provide a proper distinction of different parameter sets.
To complete our analysis for the specific heat we provide for C(T ) in the Figs. 12 and 13 the analoga of Figs. 6 and 7 for χ(T ). Fig. 12 displays the dimensionless (if k B is set to unity) specific heat which is independent of the value of the exchange coupling J. For given dimerisation δ the frustration parameter α can be read off. Once α is known the curves in Fig. 13 allow to determine the energy scale.
Let us briefly describe the principal behaviour of C(T ) as a function of δ and α. Some of the features of the curves can be understood by simple arguments. In The value of the dotted line is C max of a uniform chain without dimerisation and frustration. This is implied by the simple fact that the system approaches the limit of two independent chains for α → ∞. Then the couplings J(1 + δ) and J(1 − δ) between the two legs (cf. Fig. 1 ) become less and less important
For fixed value of the dimerisation δ the position T max of the maximum of C is shifted to lower values on increasing α. This can be understood by the suppression of the dispersion of the elementary excitations due to the frustration [22, 23, 28] . Thereby the overall energy scale on which excitations exist is reduced. The same was observed for the susceptibility as shown in the preceding section. A minimum is reached for a certain value of α ≈ 0.5 because T max has to rise again since the system approaches the limit of two independent chains. Quantitatively, the large α limit fulfills
independent of δ. It should be noted that for large δ (cf. Fig. 13 ) the value of C max does not substantially change which makes it difficult to discriminate the curves experimentally. The data shown are obtained for a N = 16 cluster. A finite size analysis shows that the finite cluster results coincide with the infinite chain result except for points with δ = 0 and α > 0.5. 
V. SUMMARY
The aim of the present article was two-fold. In the first place, we provided results and tools to facilitate and to expedite the analysis of experimental data in terms of a one-dimensional S = 1/2 model, namely dimerised and frustrated spin chains. This model can also be seen as zig-zag chain and comprises in particular the usual spin ladder. Secondly, we demonstrated to which extent it is possible to determine the model parameters quantitatively from the temperature dependences of the magnetic susceptibility χ and of the specific heat C.
We showed in detail how analytic high temperature series in high orders can be used to obtain reliable approximants, namely Dlog-Pade approximants. The key point is to use additional well-known information on the T = 0 and on the low-temperature behaviour to stabilise the approximants in the low-temperature region. We use the size of the gap, the form (linear or quadratic) of the dispersion in the vicinity of its minimum and the dimensionality of the system as additional input. Thereby we achieve very good results in a straightforward fashion. The validity of the results is comparable to the one achieved by another extrapolation procedure introduced previously [29] . The approach used in the present work is simpler since it requires less additional input. In Ref. 29 knowledge of the whole dispersion was used.
With the help of a computer algebra programme the approximants can be computed very quickly and easily. Thereby efficient data analysis becomes possible.
The extrapolated series expansion results were gauged carefully by comparing them to numerical data. The methods employed are exact diagonalisation, quantum Monte Carlo and temperature density-matrix renormalisation.
To ease data analysis further we included in the present work results for many sets of parameters. Figs. 6, 7, 12 and 13 make it possible to read off the coupling parameters J, α and δ if as little as the maximum values of the magnetic susceptibility, of the specific heat and the corresponding positions T χ max and T C max are known. It turned out that the knowledge of χ(T ) at moderate and high temperatures alone is not sufficient to determine the three model parameters. Any additional knowledge, for instance on C(T ) or on the singlet-triplet gap ∆, solves the problem. But such additional information is difficult to obtain. The specific heat is mostly dominated by the phonon contribution making it difficult to be extracted. The gap ∆ is in principle well defined. Frequently, however, the real systems lose their one-dimensionality at low energies, for instance due to small interchain couplings. Then the gap is influenced decisively by these additional residual couplings although the behaviour at moderate and higher temperatures is perfectly described by a one-dimensional model. In the analysis of experimental data it is certainly helpful to consider these facts.
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